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Chapter 1

Introduction

1.1 Spatial Data and Spatial Problems

This thesis discusses the theory behind a few ways of modelling spatial correlation and
estimating the models’ parameters.

To begin, we first need a clear understanding of the kinds of spatial data we might face
and the kinds of spatial problems we may want to solve, since these topics dictate what
kinds of models would be useful. There are a few different kinds of spatial data we may
have.

First, our data might be geostatistical or point-level data, such as weather data from a
set of monitoring stations. We may then be interested in the interpolated weather at any
point in the space.

In contrast, with lattice or areal data our data is in the shape of a grid. In regular
lattices, our observations are located at regular intervals in different dimensions across the
space; we can also estimate irregular lattices. Remote sensing data, in particular, often
comes in the form of tiles, which can be easily thought of as lattices. We can also think of
political boundaries (e.g. wards) defining an irregular lattice, though this may introduce

new difficulties, such as if these plots are of grossly different sizes. We can also have a lattice



with missing data, such as where weather precludes some observations from being made.

Finally, the locations themselves could be the random variables of interest, such as the
locations where a species of animal is observed. These data are called point process data or
point patterns.

Comparing spatial data to time-series data, the closest analogue to time-series data
would be the case in which we have observations along a single spatial line. However, even
in this example, we have more structure in time-series data; time has an arrow.

We can also have data in which we have both spatial and temporal correlation. We can
extend spatial models fairly straight-forwardly to take temporal correlation into account.
For example, if we have lattice data and each datapoint has a set of spatial neighbours, we
can define the set of neighbours of a node to be the union of the set of its spatial neighbours

and its temporal neighbours, as illustrated below.
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Figure 1.1: Lattice data with the grey node’s neighbours in time highlighted by the dashed
line.

In this thesis, I will focus largely on lattice data structures but also somewhat on
geostatistical point-level data. Again, to contrast lattice and geostatistical data, with lattice
data we are not concerned with the possibility of a measurement in between adjacent nodes.

There are, however, obvious links between geostatistical and lattice data. In particular, we



could think about geostatistical data as being on a very finely spaced lattice, with many
missing observations, or we could aggregate the geostatistical data up to a grid. Models for

lattice data may then be used for geostatistical data.

1.2 Methods of Modelling

There are two main approaches to spatial modelling.

Geostatistical models are applied to continuous spatial processes and typically are a
function of distance and direction between geostatistical data.

Gaussian Markov Random Field models (GMRFs) model the data as being related to
each other through an undirected graph. I will focus on the latter kind of model in this
thesis.

The concept of GMRFs sprung from attempts to generalize a specific model put forth by
the physicist Ernst Ising. Ising (1925), building on work by Lenz (1920), considered sequences
of points on a line in which each point had a certain “spin”. Ising models attempt to assign
a probability measure to a sample space that cannot be observed, with the probability
measures called Gibbs measures. Pairwise interactions were of initial interest in statistical
physics, such as in describing gravitational and electrostatic forces, but the idea of these
spatially-dependent interactions was later extended to encompass a broader area. Spitzer
(1971) and Hammersley and Clifford (1971) generalized the result linking Gibbsian ensembles
with Markov fields which led to GMRFs.

When might GMRFs be appropriate? GMRFs can handle data on both regular and
irregular lattices. This is important since, although much attention is focused on regular
lattices, these lattices do not usually arise naturally but are man-made. However, even
much spatial data that appears to be in a regular lattice structure, such as tiled satellite
data, may not be well estimated by GMRF's since each datapoint actually represents many

(possibly unknown) values in a larger plot which have somehow been averaged or otherwise



collapsed into a single value. Whittle (1954) notably discussed this as a problem in fitting
a dataset from Mercer and Hall. The size of the plot that is collapsed can affect how well
GMRF's can fit the data (Besag, 1974). Further, unless a dataset includes a large number of
sites which are mostly neighbours, it may not be well-suited to being described by a lattice.
This is because the data are presumably situated within a larger world, and if there are
spatial relationships within the data there are likely relationships between those sites near
the borders and sites outside the dataset, on which there are no data. Despite this, lattices
have been successfully applied to carefully controlled and constructed agricultural field trials
(Ripley, 1989).

GMRFs can also be useful even when we might otherwise think to use a geostatistical
model, since they are less computationally-intensive than fitting the geostatistical model
directly. Indeed, many have tried to use GMRFs to estimate geostatistical models and vice
versa, a topic we will explore later in this thesis. Besag (1981) showed that the covariance
function of a GMRF could be approximated by a Bessel function that is modified so that
it decreases monotonically with distance. Griffith and Csillag (1993) tried to minimize
the squared differences between the covariances of geostatistical models and GMRFs.
Hrafnkelsson and Cressie (2003) showed that a class of GMRFs was approximated in an
empirical setting by a geostatistical model that used a Matérn covariance model. Rue and
Tjelmeland (2002) and Cressie and Verzelen (2008) represent the most recent efforts at
finding good approximations through a distance minimization approach. Finally, looking for
an entirely new method of approximating GGMs with GMRFs, Lindgren, Lindstréom and
Rue (2010) find that an approximate solution to a particular stochastic partial differential
equation (SPDE) can explicitly link GMRFs and GGMs for a restricted class of GGMs (a
subset of the Matérn class). These papers will be discussed in more detail in chapter 6 and
7.

GMRFs can be used to model stationary or non-stationary processes. Stationary Markov

Random Fields are Markov Random Fields which have a constant mean (i.e. one that does



not depend on the location of the observation) and in which the covariance between any two
nodes is a stationary covariance function, i.e. one in which the covariance function depends
only on the vector distance between the nodes.ﬂ When the distribution is assumed to be
Gaussian, as in a GMRF, with constant mean, we automatically have stationarity if the
GMREF has full conditionals. In practice, stationarity means that the relationship between
two nodes in the graph is a function solely of their position relative to one another, no matter
where they are situated. If the covariance function is a function only of the Euclidean distance
between the two nodes (i.e. no direction is involved), then the covariance function is isotropic.
Stationarity has proved a problematic assumption in quite a few historical papers. Among
them, Patankar suggested it was a problem in fitting the Mercer and Hall data (1954). It
has also been noted that some plant data of Freeman (1953) exhibited different relations
between the upper and lower halves of the lattice since one half was diseased (Bartlett,
1974). A stationary model would be a poor fit here. While much of this thesis will focus on
stationary GMRFs, it is also possible to conceptualize non-stationary GMRF's. The chapter
on intrinsic GMRF's will prove useful here, since these are often used as non-stationary priors
in hierarchical Bayesian models.

With these aspects of GMRFs in mind, this thesis will be structured in the following way:
first, we will discuss geostatistical models and introduce GMRF's formally, going through the
necessary definitions to understand them. Second, we will solidify our understanding of
GMRFs as compared to time-series models, focusing on CAR and SAR models. Third, we
will discuss improper GMRF's, which are important in forming priors, which is obviously
a large part of estimating GMRFs by Bayesian methods. Fourth, we will discuss the
computational benefits of modelling GMRFs over other models, notably geostatistical
models. Finally, over two chapters, we will consider to what extent GMRFs can approximate
Gaussian geostatistical models, reviewing both traditional as well as newer methods. Overall,

this thesis aims to explain the concept of GMRFs and their estimation as well as when they

! This is often called second-order or weak stationarity.



are practically of use, particularly in relation to geostatistical models.



Chapter 2

Geostatistical Models and Gaussian

Markov Random Fields

In this chapter I introduce geostatistical models and GMRF's and discuss some of their

important properties.

2.0.1 Geostatistical Models

Geostatistical models are typically based on variograms or covariance functions, functions
that describe the spatial correlation between different points. Formally, given a stochastic
process Z(s) a variogram, 2y(x,y), is the expected squared difference in values between two
locations x and y: 2v(z,y) = E(|Z(x) — Z(y)|?). v(x,y) is the semivariogram. Assumptions
of various forms of stationarity are often made, but can be weakened. In particular, to
use the semivariogram one makes the assumption that the spatial process is second-order
stationary in first differences (i.e. the process has a constant mean and the variance of the
first differences, Z(s) — Z(s + h), does not depend on the location of the observation). This
form of stationarity is also called intrinsic stationarity of the spatial process and it is weaker
than the assumption of second-order stationarity of the spatial process, which requires the

mean to be constant over all locations and the covariance to depend only on the separation



between points rather than their locations. Other important terms are the nugget (Cp),
represented by the y-intercept depicted below, the sill (C'(0)), the model asymptote, and the
range (a), the distance between the y-axis and the value at which the sill level is reached (or,
for asymptotic sills, the value at which the distance to the sill is negligible, conventionally

defined as where the semivariance reaches 95% of the sill).

C(0)

Semivariance

Cq

Distance

Figure 2.1: Nugget, Sill, and Range

The spatial correlation structures abled to be modelled through these kinds of models
are clearly vast. The equations specifying some common semivariogram models are included

in the table below.



Model Semivariogram

0 h=0
Linear v(h) =

Co+C(0)[h] h#0

0 h=0
Exponential | y(h) =

Co + C(0) (1 —exp <_ah|)> h #0

0 h=0

\
;

a

3
Spherical | y(h) = C%+CWD<L5%—05<M>) 0<I|hl<a

Cy + C(0) h| > a

N7

Gaussian | y(h) =

Power v(h) =
Co+CO)[h* h#0

;

0 h =0

Matérn v(h) = i
Co + C(0) (1 B L A END 'h'>> h#0

In this chart, K, is a Bessel function with order v > 0 determining the smoothness of the
function and I'(v) is the Gamma function. When v = 3, the Matérn covariance function
reduces to an exponential covariance function and as ¥ — oo it approaches a Gaussian
model.

These models are all isotropic, i.e. the same relationships are assumed to hold in all
directions. In many cases, we might not think it would hold. For example, we might
expect spatial correlation in one direction but not another, such as how we might expect
temperature to vary more along a North-South axis than East-West. One alternative to
isotropy is geometric anisotropy, in which the anisotropy can be transformed into isotropy

by a linear transformation (Cressie, 1993).
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The models that we will be discussing are also going to be based on Gaussian processes.
There are cases in which we may think we are facing a non-Gaussian process. Diggle,
Tawn and Moyeed give the examples of radionuclide concentrations on Rongelap Island and
campylobacter infections in north Lancashire and south Cumbria as cases where we might
think that if Y is our dependent variable and S(z) is our spatial process, Y;|S(z;) probably
does not follow a Gaussian distribution (1998).

It was previously mentioned that the Matérn class of models specifies a “smoothness”
parameter. In fact, the other classes of models have different degrees of intrinsic smoothness,
as well. Banerjee and Gelfand (2003) discuss two types of continuity that may characterize
a process: mean square continuity and a.s. continuity. Mean square continuity is another
term for continuity in the Lo sense, whereby a process X(t) € R? is L, continuous at
if limy . E[X(t) — X(to)]> = 0. If the covariance function of a process in R? is d-times
continuously differentiable, then the process is mean square continuous. A process is a.s.
continuous at tq if instead X (t) — X(ty) a.s. as t — to. Either type of continuity can be
used to characterize smoothness. Smoothness captures the idea is that some processes are
relatively continuous across different points (e.g. elevation levels of rolling hills) and others
are relatively discontinuous (e.g. elevation levels of regions with cliffs).

The following figures use data simulated under some of these models to illustrate the
concept. The variance of each is 1 and the range, a, is chosen for each model so that the
correlation at distance 0.5 has decayed to 0.05. This is so that the effect of model smoothness
may be seen. For the Matérn models, a few different v are chosen: v =1,v =2 and v = 3;
these show how the Matérn model gets closer to the Gaussian model as v increases, and it

should also be recalled that the exponential model is the same as a Matérn model with v = 1.

[\
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Figure 2.2: From left to right, top down: Simulations of Gaussian, Spherical, Exponential,
and Matérn Models with v =1,2,3
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Under stationarity, the semivariogram is related to the covariance function in the

following way:

2y(h) =Var(Z(s+ h) — Z(s))
= Var(Z(s + h)) + Var(Z(s)) — 2Cov(Z(s + h), Z(s))

= C(0) + C(0) — 2C(h)

where C'(0) is the variance of the process, also denoted o?. Covariance functions are
frequently used but, again, require stronger assumptions than do semivariogram models.
The geostatistical literature is vast and even the requirements of intrinsic stationarity can
be relaxed (Cressie, 1993). For our purposes, the key take-away is that these models are
highly flexible. Still, they can be computationally intensive, a fact we will revisit in a later

chapter.

2.1 Gaussian Markov Random Fields

I will now turn to discuss GMRFs. Before beginning, I will need to define some of the

terms that I will use in the rest of this thesis. This introduction follows Rue and Held (2005).

2.1.1 Undirected Graphs

An undirected graph G is a tuple G = (V, E) where V' is the set of nodes in the graph
and E is the set of edges {i, 7} where i,j € V and i # j. If {4, j} € E there is an undirected
edge between node i and node j; otherwise, there is no such edge. A graph is fully connected

if {i,j} € EVi,j € V withi # j. We can label our graphs according to their nodes,
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V ={1,2,...,n}, and these are called labelled graphs. The neighbours of node i are all the

nodes in GG that have an edge to node 7, or

n(t) ={j eV :{i,j} € B}

If 7 and j are neighbours in a graph, this will be written as ¢ ~ 5. We can similarly say that

the neighbours of a set A C V are all nodes not in A but adjacent to a node in A, or

n(A) = Uiean(i) \ A

A path from i; to i, is a sequence of distinct nodes in V', iq,1s,...,%,,, for which
(ij,ij41) € E for j = 1,...,m — 1. A subset C' C V separates two nodes i ¢ C,j ¢ C if
every path from i to j contains at least one node from C. Two disjoint sets A C V' \ C' and
B C V'\ C are separated by C'if all i € A and j € B are separated by C. In other words, if
we were to walk through the graph, we cannot start at a node in A and end somewhere in
B without passing through C.

G# denotes a subgraph of G defined by {V4, B4}, where V4 = A, a subset of V, and
EA ={{i,j} € E and {i,j} € A x A}. In other words, G* is the graph that results if we
start with G' and remove all nodes not in A and all edges connected to at least one node
which does not belong to A.

To explain some more notation used later, if we have a lattice I with sites ij where
i =1,.,n and 7 = 1,...,ng, if C € I then z¢ = {x; : i« € C}. Similarly, for —C,

r_oc={x; 1€ -C}.
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2.1.2 Other Useful Definitions

An n x n matrix A is positive definite iff
tT Az >0 Ve #0

and symmetric positive definite (SPD) if in addition to being positive definite A is symmetric.
Suppose we have a random vector z = (z1, ..., ,)? with a normal distribution with mean
i and covariance . As another piece of terminology, the inverse covariance matrix 7! is

also the precision matriz which we will denote ().

2.1.3 Gaussian Markov Random Fields

Now we can define a GMRF. A random vector x = (1, ...,z,)" € R" is a GMRF with
respect to a labelled graph G' = (V, E') with mean p and precision matrix ¢ > 0 iff its density

has the form

() = (2) QP e (o - 0" Qo — ) 211)

and

Qi 0= {i,jte EVi#j

This means that in the labelled graph G = (V, E), where V = {1,...,n}, E has no edge
between node ¢ and node j iff x; L Ij|$—{i7j}'E| If @ is completely dense, then G is fully
connected. We can also note that a GMRF is a normal distribution with a SPD covariance
matrix and any normal distribution with a SPD covariance matrix is a GMRF.

In what sense is a GMRF “Markov”’? There are three Markov properties in which we

may be interested.

'Recalling the notation explained in 2.1.1, this is intuitive: conditioning on the whole graph aside from
x; and z;, z; and x; should be conditionally independent if and only if there is no edge between them.
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1. The pairwise Markov property:

v, Lajle_gyif{i,j} ¢ Eandi#j

2. The local Markov property:

z; L xf{i,n(i)}|xn(i) VieV

3. The global Markov property:

xa L xglre

for all disjoint sets A, B, C' where C' separates A and B and A and B are non-empty

(if C'is empty, 24 and xp are independent).

The figure below illustrates these three Markov properties. For a GMRF, the three

properties are equivalent, as proved in Speed and Kiiveri (1986).
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Figure 2.3: Top: The pairwise Markov property - the black nodes are conditionally
independent given the grey nodes. Middle: The local Markov property - the black node
is conditionally independent of the white nodes given the grey nodes. Bottom: The global
Markov property - the black node is conditionally independent from the striped nodes given
the grey nodes.
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We will also want to consider conditional properties of GMRFs. In particular, we can

split z into sets A and B (where V.= AU B, AN B =), so that

TA

B

The mean and precision matrix can also be partitioned similarly:

2\

UB

QAA QAB
QBA QBB

O
|

With this in mind, I present the following two useful theorems from Rue and Held

(2005):

Theorem 1. Let v be a GMRF wrt G = (V, E) with mean p and precision matriz ) > 0.
Let ACV and B =V \ A, where A, B # 0. The conditional distribution of xalxp is then a

GMRF wrt the subgraph G4 with mean pap and precision matriz Q45 > 0, where
| |

pap = pa — QuuQap(rp — pip) (2.1.2)

and

Qap = Qan

18



Proof. Assume p = 0 for now; we will add it back in later. Then

1 Qaa Qas T A
m(zalrp) ox exp —5(:17,4,:1:3)

QBA QBB B

1
X exrp (—§I£QAA$A - (QABSCB)TQZA) .

The density of a normal distribution with precision P and mean - is

7(2) o exp <—%ZTPZ + (PV)TZ)

so we see that (44 is the conditional precision matrix and the conditional mean
solves Qaapap = —Qaprp. Qaa > 0 since ¢ > 0. Finally, if z has mean p then z — p

has mean 0, so replacing = by x — p where i is no longer assumed to be zero, we get (2.3.2). =

Theorem 2. Let x be normally distributed with mean p and precision matriz Q > 0. Then
fori#j,

v Lajlr i <= Qij =0
where x_;; stands for x_g jy.

Proof. x L y|z <= m(x,y,2) = f(x,2)g(y, z) for some functions f and g and for all z with
7(z) > 0. Assuming p = 0 and fixing i # j, WLOG, and using the definition of a GMRF,

we get

1
W(xiaxjaxfij) X exp <—§ Zkukﬂ?z)

k1l

1 1
X exp —§$i50j(Qij + Qji) — 5 Z Qi
{k,1}#{i,5}
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The first term involves x;z; iff Q;; # 0 and the second term does not involve z;x;. Thus
(x4, xj, w_i;) = f(zs,x_i5)9(xj, x_;;) for some functions f and ¢ iff Q;; =0. =

Finally, we may want to use the canonical parameterization for a GMRF. The canonical
parameterization of a GMRF = wrt G is x ~ N¢(b, Q) where the precision matrix is () and

the mean is 1t = Q~'b. Note that then

zalrp ~ No(ba — Qaprp, Qaa).

Further, if y|z ~ N(x, P~1) then

x|y ~ No(b+ Py, Q + P).

These last results are useful in computing conditional densities.

Now that we have formally defined GMRF's and described their most salient properties,
it might be instructive to re-visit why we might think that making conditional independence
assumptions would be appropriate when dealing with spatial correlation. The intuition is
that after a certain threshold distance, the spatial correlation is assumed to be negligible.
Thus, conditioning on enough observations, one can get conditional independence. Apart
from the previously mentioned constraints on when GMRFs are useful, GMRFs would thus
require one to make more assumptions if the number of observations was small relative to
the number of observations that had to be conditioned on, i.e. if few observations were

conditionally independent.
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Chapter 3

Relation to Time-Series Analogues:

CAR and SAR Models

Having introduced GMRF's, it would be natural to ask how they correspond to perhaps
more familiar time-series models, since time-series models are motivated by temporal
correlation in much the same way as spatial models are motivated by spatial correlation.

The treatment in the next section is adapted from Rue and Held (2005) and Cressie (1993).

3.1 CAR and SAR Models

In time series, we may see an AR(1) process represented thusly:
Ty = ¢£L't71 -+ €, €4 N(O, 1), ‘¢’ <1

where ¢t indexes time.
This simple process assumes conditional independence, like a GMRF'. x; is independent
of zs (where 1 < s <t < n) conditional on {xs,1,...,24 1}, or x|z1, ...,z 1 ~ N(px;_1,1)

for t = 2,...,n. This is a directed conditional distribution and straightforwardly gives us the
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precision matrix

~¢ 1+¢* ¢

—¢ 1+¢* —¢
—0 1

We could also write the wundirected conditional distribution, or full conditionals

{m(zefey)}:

(

N(¢xt+17 1) t=1
Tp| T ¢ ~~ N (#(mt_l + .Tt_|_1), #) l<t<n

N((ﬁxn,l, 1) t=n

\

When we move away from time series, where the observations have a natural ordering,
into a domain where they do not (for example, with spatial data), this second specification
is more useful. In particular, specifying each of the n full conditionals

wilw_i ~ N (SjziBiyzs, k7 ')

)

will specify the joint density of a zero mean GMRF. These models, popularized by Besag
(1974, 1975), are called conditional autoregression models or CAR models.

The n full conditionals must satisfy some requirements to ensure that a joint normal
density exists with these full conditionals. In particular, suppose we specify the full

conditionals as normals with

E(xi|lr_s) = pi — Ej:jwﬁzj(xj — Mj) (3.1.1)

Prec(zilx_;) = k; >0 (3.1.2)

22



fori =1,...,n, some {f;;,i # j} and vectors p and k. Since ~ is symmetric, we need the
requirement that if 3;; # 0, 5;; # 0. Recalling that a univariate normal random variable z;

with mean v and precision x has density proportional to
Lo
exp(—=Kx; + Kx;7), (3.1.3)

2

and z is a GMRF wrt G only if its density has the form

() = 2 QP ey (50— Q- ).

and
(T4, 2-4)
T(walz_a) = o & (),
we get
1
m(xi|r_;) exp(—§xTQa:) (3.1.4)
1
& 6$p(—§37?Qii — 2 55,jmi Qi ). (3.1.5)

Comparing (2.4.3) and (2.4.5), we see that

Prec(z;|z_;) = Qi

and
1

E(xi|r;) = ~On

2j:jmiQif T
and since x has mean y, if we replace z; and x; by x; — p; and z; — p; then we get

1
E(zile—) = pi — azjzijij(fﬂj = 1j)-

23



Comparing these to (2.4.1) and (2.4.2), we see that choosing (Q);; = k; and Q;; = K;5;; and
requiring () to be symmetric and ) > 0 would give us a candidate for a joint density giving
the specified full conditionals. Rue and Held (2005) show that this candidate is also unique.

Simultaneous autoregression models, or SAR models, are closely related to CAR models.
To return to our comparisons with autoregressive time-series models, whereas CAR models
are more analogous to time-series models in their Markov properties, SAR models are more
analogous in their functional forms (Cressie, 1993). We can motivate SARs similar to how
we motivated CARs, by assuming some spatial correlation so that there is some spatially

lagged version of the variable of interest on the RHS:

r=pWx+e

where p is a spatial autoregression parameter that has to be estimated from the data and W
is a spatial weighting matrix so that neighbouring values are included with some weights into
the regression. W here is not necessarily symmetric, unlike in the CAR model. Re-arranging,
we get

x=(—pW) "' +e

and then

Var(z) = (I — pW) ' E(ee") (I — pWT)~!

or, if we assume normality, collapse p and W into a single parameter C, and let A equal the

covariance matrix E(ee?),

x~ N, (I—C) AL —CT)™).

Looking back at (2.4.1), we see that in the CAR model the covariance matrix is given by

Var(z) = (I — B)"'M
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where M is an n X n diagonal matrix that must be estimated. This is quite similar to what
we found for the SAR model. CAR and SAR models are equivalent if and only if their

variance matrices are equal:

(I-C)y*'ANI-CTY'=(UI~-B)'M.

Since M is diagonal, any SAR can be represented as a CAR but not necessarily the other

way around.

3.2 Differences Between CAR and SAR Models

The main practical difference between CAR and SAR models is that the SAR model
does not impose the restriction that W is symmetric and may be harder to estimate as a
consequence. Indeed, if p is not known, the SAR model is inconsistently estimated by least
squares (Whittle, 1954). In contrast, generalized least squares can be used to estimate the
parameters of a simple CAR model and then the residuals can be used to estimate p¢o, a
CAR counterpart to p, using ordinary least squares (Haining, 1990). Since SAR models
have more parameters, to estimate them in practice one typically assumes that some of the
parameters are known (Waller and Gotway, 2004). SAR models are also not conveniently
estimated using hierarchical Bayesian methods since it is difficult to include SAR random
effects, and CAR is more convenient for computing. However, if computing time is not
an issue, SAR models are very convenient for maximum likelihood estimation and their
structure makes them frequently and most naturally used in econometric regressions. It
has been argued that SAR models are also more appropriate for studies that involve
second-order dependency captured by W (Bao, 2004).

These differences aside, in terms of results, most studies that try both types of models

find no large differences between the two (e.g. Lichstein et al., 2002). Wall (2004) also
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severely critiques spatial interpretations of both CAR and SAR weighting schemes, finding
unintuitive behaviour. For example, there does not seem to be much sense in a spatial
model insisting, as hers did, that Missouri and Tennessee were the least spatially correlated
states in the U.S., with Missouri being more correlated with Kansas than Iowa. One might
think that all these models would be inappropriate over such large geographical areas with
so few observations. The debate about whether CAR or SAR models are preferable or even

appropriate in different circumstances continues.
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Chapter 4

Intrinsic Gaussian Markov Random

Fields

In this chapter I explain the details of intrinsic GMRFs and their modelling. Intrinsic
GMRFs (IGMRFs) are improper, meaning that their precision matrices are not of full rank.
There are a few definitions of the order of an IGMRF, but we will follow Rue and Held
(2005) in calling the order of an IGMRF the rank deficiency of its precision matrix (see
Kiinsch (1987) for a slightly different definition).

Intrinsic GMRFs are very important because they are the typical priors used when
estimating using Bayesian methods. We will see that they have a natural relationship with
different modelling choices, including the thin plate spline. The point of this chapter is
to understand the correspondence between physical modelling choices and priors and the
matrices used in estimation. We will work up to deriving precision matrices for a few of the
more frequently-used modelling choices. The examples presented here are selected from Rue
and Held (2005) and fleshed out in greater detail.

To quickly define additional terms that will be necessary, the null space of A is the set
of all vectors x such that Ax = 0. The nullity of A is the dimension of the null space. If

a singular n x n matrix A has nullity k, |A|* will denote the product of the n — k non-zero
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eigenvalues of A.

The first-order forward difference of a function f(-) is
Af(z) = flz+1) = f(2)
and more generally higher order forward differences are defined recursively so that:
AFf(z) = AN f(2)

or

k _ (_1\k : _1\J k .
ASE) = (S [ ] e )
=0 j

J

for k=1,2,...

For example, the second-order forward difference is:

A*f(z) = fz+2) = 2f(z + 1) + f(2)

Proceeding along, with these preliminaries out of the way, now let () be an nxn symmetric
positive semidefinite (SPSD) matrix with rank n — k > 0. x = (21, ...,x,)T is an improper

GMRF of rank n — k with parameters (i, @) if its density is

() = ) (@ e (50 - w7 QL - 1) ).

x is an improper GMRF wrt to the graph G if in addition Q;; # 0 <= {i,j} € Vi # j.
It should be noted that (u, @) do not represent the mean and the precision anymore since
these technically no longer exist. (However, we will keep referring to them as the mean and

the precision for convenience.) For intuition, we can think of a Q(7):

Q) =Q+~A"A
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where the columns of A” span the null space of ). Each element of Q(7) corresponds to the
appropriate element in () as v — 0.

An improper GMRF of rank n — 1 where Zj Qi; = 0 Vi is an intrinsic GMRF of first
order. We will call the condition ;Qij = 0Vi “Q1 = 07 for convenience; in words, the
vector 1 spans the null space of Q.

Now we will discuss IGMRF's of first order in a few different settings: on a line for
regularly spaced locations; on a line for irregularly spaced locations; and on a lattice for

regularly and irregularly spaced locations. We will then detail IGMRFs of higher order.

4.1 IGMRFs of First Order on the Line, Regularly
Spaced

This is also known as the first-order random walk. The nodes are assumed to be located
at a constant distance apart; for convenience, we will label the nodes ¢ = 1,...,n and think
of them as 1 unit of distance apart in that order. i could be thought of as time, as well as
distance.

The model assumes independent increments
Az, ~ N0,k "), i=1,..,n—1

or

wj =~ N(O,(j —i)s™"), i < j

If the intersection of {i,...,7} and {k,...,{} is empty for i < j and k < [ then

Cov(x; — xi 0 — ) =0
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The density for x is then:

—
— KD 20 <—§ > (o =) )
= k"D 2egp (—%JJTQJJ)
where () = kR, with R being the structure matriz
1 -1
-1 2 -1
-1 2 -1
R —
-1 2 -1
-1 2 -1

that follows from Y7~ (Az;)? = (Dz)"(Dx) = 27 D" Dz = 2 Rx where D is an (n—1) x n

matrix of the form

-1 1

In words, D takes this form because it represents a first-order forward difference.
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4.2 IGMRFs of First Order on the Line, Irregularly
Spaced

We will call the locations s; and even though they are not regularly spaced anymore
we can still order them s; < sy < ... < s, and call the distance 6; = s;.1 — s;. The
first-order random walk over continuous distances (or time) is analogous to a Wiener process
in continuous time. Formally, a Wiener process with precision k is a stochastic process W (t)
for t > 0 with W(0) = 0 and increments W (t) — W (s) that are normally distributed with
mean 0 and variance (t — s)/k for any 0 < s < t and independent if the time intervals do
not overlap. If kK = 1 this is a standard Wiener process.

The model is fundamentally the same as in the regularly spaced, discrete time model. It

is still true that > ; Qij = 0 Vi and the joint density of x is

n—1
m(z|r) o< K"V 2eap (‘% Z(miﬂ - $i)2/5¢>

i=1

where the only difference is that the exponential term is scaled with ¢; since Var(z;11 —x;) =

51//&

4.3 IGMRPFs of First Order on a Lattice

First we must clarify our notation. A lattice will be denoted I,, with n = nins nodes.
(i,7) will denote the node in the ith row and jth column. The following discussion will be
in reference to irregular lattices but the case of regular lattices is subsumed within it.

If we have two neighbouring regions ¢ and j, we will define a normal increment to be

z;— x5~ N0,k
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Assuming the increments to be independent, we get the familiar IGMRF density:

m(z) o< k"D 2exp <—§ Z(xz - %)2)

where i ~ j denotes the set of all unordered pairs of neighbours (unordered so as to prevent
us from double-counting).

It should be noted that the increments are not truly independent, since the geometry of
the lattice imposes hidden linear constraints. We can see this by noting that the number
of increments |i ~ j| is larger than n but the rank of the corresponding precision matrix
remains n — 1. As a concrete example, we can consider that if we have 3 nodes, all of
which are neighbours of each other, we have x1 — x9 = €1, x93 — 3 = €3, T3 — 1 = €3 and
€1 + € + €3 = 0, a hidden constraint.

Despite the constraint, however, the density of x is still represented correctly above.
Define € to be |i ~ j| independent increments and Ae to be the constraints that say that
the increments sum to zero over all the graph’s circuits. Then 7(e|Ae) o< m(€). Changing
variables from € to x gives the exponential term and the constant is unaffected by the

constraint.

4.4 1IGMRFs of Higher Orders

First, I will introduce some notation which should make the subsequent discussion easier
to read. Since IGMRFs are often invariant to the addition of a polynomial of a certain
degree, let us define notation for these polynomials.

For the case of an IGMRF on a line, let 51 < s5 < ... < s, denote the ordered locations

on the line and s denote the vector (s1, ..., s,)?. Now we will let pi(s;) denote a polynomial
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of degree k evaluated at the locations s with some coefficients 8, = (B, ..., Br)":
L, Lok
pk(si) = ﬁo + ﬁlSl + 562% + ...+ Eﬁké’z

or pr = SifBk. Sk is the polynomial design matrixz of degree k.
For higher dimensions, we instead let s; = (s, Si,, ..., Si,) where si; is the location of
J1  J2

node i in the jth dimension, and j = (jy, ja, ..., ja), 5 = silsiQ...sgj,

polynomial trend of degree k in d dimensions is:

pralsi) = > lﬁjsf

J!
0<j1+..+ja<k

Or Pr.d = Sk,dﬁk,d- It will have

d+k

mg.d =

terms.
Higher-order IGMRFs have a rank deficiency larger than one. Formally, an IGMRF of
order k on the line is an improper GMRF of rank n — k where —%(x + o 1)TQ(x +pr_1) =

—%ZL‘TQZU so that the density seen when first introducing IGMRF's,

(n—k)
2

) = (20) 5" (P reap (o~ 0" Qe - )

is invariant to the addition of any polynomial of degree k — 1,px_1 to x. (We can simplify
notation for this last condition and write it as QSk_1 = 0.)

Another way to state this is to say that we can decompose x into a trend and a residual
component, as follows:

r = Hk_lx + (I - Hk_l)JT

where the projection matrix Hy_; projects x down to the space spanned by the column space

of Sx_1 and I — Hj_; annihilates anything in the column space of S;_1, projecting onto the
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space that is orthogonal to that spanned by Si_;. Formally, H,_; = Sk_l(S,gT_lSk_l)’ng_l
(i.e. it is just a standard projection matrix). Using projection notation, we require

—327Qr = —3((I — Hp-1)2)"Q((I — Hy—1)z) (since QHi—y = 0 and so that term
disappears). This is more readily interpretable: the density of a kth order IGMRF only
depends on the residuals that remain after removing any polynomial trend of degree k — 1.

Similarly, an IGMRF of order k in dimension d is an improper GMRF of rank n —my_1 4
where QQSi_14 = 0.

As an example, let us consider the regularly spaced second-order random walk, first on

a line and then on a lattice.

4.5 IGMRFs of Second Order on the Line, Regularly
Spaced

This case is analogous to the case of IGMRFs of first order on the line, except with

second-order increments A%x; ~ N(0,x7!). Then joint density of z is then:

-2

3

(x; — 2w + $i+2)2>

i=1
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where the precision matrix is:

Again, these numbers come from the fact that we can write x; — 22;,1 + ;412 in matrix

form as

-
Il

and (x; — 22,41 + 7442)> = DTD.

4.6 IGMRFs of Second Order on a Lattice

In this section I will discuss the example of IGMRF's of second order on a regular lattice
with two dimensions. This case can be easily extended to more dimensions.
For the case of a second-order IGMRF on a regular lattice with two dimensions, let us

for a simple example choose the increments

(Tisr + Tic1y + Tiger + Zijo1) — 42 (4.6.1)
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This is just (A%I,O) + A%O,l)) xi—1,j—1 where A is generalized to account for direction so that
Aq o) is the forward difference in direction (1,0) and Ay is the forward difference in
direction (0,1). Analogously to the polynomials added to x in previous examples, adding
the simple plane py2(i,7) = Boo + S0t + Porj to x will cancel in 4.7.1 for any coefficients
Boos B0, Dot -

As we would expect from the previous examples, the precision matrix should correspond
to:

2
— (Ao + Afy) = — (Al + 240 0) ALy + Alo) -

This is actually an approximation to the biharmonic differential operator

52 82\ o &, o
— +— ) =— +2— —.
(5x2 * (53/2) oxt + da? o+ oyt

It also therefore relates to the thin plate spline, a two-dimensional analogue of the cubic

spline in one dimension, which is the fundamental solution of the biharmonic equation

DU R
(@ + 2@59 + 5_y4> d(x,y) =0

Finally, it should be noted that the choice of increments in (4.6.1) represents, visually:

-4

O@® 0
L BON
00
ONORS
O8O0
OO0

Figure 4.1: Depiction of (4.6.1).

where the black dots represent the locations in the lattice which are taken into consideration
and the white dots merely make the spatial configuration clear.

This may not be the ideal choice of increments, depending on our data and our aim;
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alternative choices are possible, representing different models. Our having gone through
examples of IGMRF's of first and second order on the line and on a lattice, however, cover
a lot of the cases one might be interested in, with many results able to be straightforwardly

extended.
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Chapter 5

Computational Advantages and

Applications to GGMs

In this chapter we discuss the reasons why GMRFs are so computationally efficient.
GMRFs’ computational benefits, particularly in comparison to estimating geostatistical
models, are a large source of their popularity, and this will motivate us to survey attempts

to fit GMRFs to Gaussian geostatistical models, or GGMs, in subsequent chapters.

5.1 Taking Advantage of Sparse Matrices

The main tasks of the algorithms involved in simulating and estimating the parameters of
GMRFs via likelihood-based methods are computing the Cholesky factorization of Q = LLT
and solving systems of the form Lv = b and LT = z. But Q is sparse, and this can help us
speed up the process. This section will explain why a sparse ) can help and how we can
take advantage of its sparseness.

When factorizing a matrix Q = LLT, what we are really doing is computing each of

J
Qij = Z LixLj 1> j

k=1
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j—1

If we define v; = Q;; — ZLiijk i > j then ngj = wv; and L;;L;; = v; for ¢ > j. Then if
k=1

we know {v;} for fixed j we get the jth column in L because Lj; = \/v; and L;; =

Yi_ for
VT

i =j+1ton. But {v} for fixed j only depends on the elements of L in the first j — 1
columns of L, so we can go through and find all the columns in L.
Taking a step back, solving something like Lv = b for v where L is lower triangular, we

solve by forward substitution, in a forward loop:
1 i—1
vV = L—”(bl — ZlLijUj), 9, = 1, ., N
J:

Solving LTz = v for x where LT is upper triangular involves back substitution, since the

solution requires a backward loop:

1 - .
T; = L_M(UZ — Z Ljx;), i=n,..1

j=1+1

Now consider the most basic case of sampling x ~ N(u, Q') where z is a GMRF wrt

to graph G with mean p and precision matrix ) > 0. We would:

1. Compute the Cholesky factorization, Q = LL”.
2. Sample z ~ N(0,I).
3. Solve LTy = 2.

4. Compute z = p + v.

39



The theorems below from Rue and Held (2005) follow:

Theorem 3. Let x be a GMRF wrt the graph G with mean p and precision matriz ¢ > 0.
Let L be the Cholesky triangle of Q). Then fori e V:

1
E(@ilaiiyn) = m— 7 > Lyla; — )
Prec(x;|®@i1ym) = Lz

This also implies the following:

Theorem 4. Let x be a GMRF wrt the graph G with mean p and precision matriz ¢ > 0.

Let L be the Cholesky triangle of Q. Define the future of © except j to be the set:
FGi,j)={i+1,..,5—1,7+1,...n}

for1 <i<j<n. Then

ZT; 1 xj’xF(i,j) <~ Lji =0

Proof. Assume p =0 WLOG and fix 1 <7 < j <n. Theorem 2 gives

2
1 1 O
T(Tim) X €xp —3 ZLik (xk +— Z ija:j>
k=i

R k1
_ (_1 T nin,,.. )
= exrp 2'T7,nQ Lin

where Qz]” = L;iLj;. Theorem 2 then implies that

Z; 1 xj|xF(i,j) < L”Lﬂ =0

40



This is equivalent to

z; L ZEj|$F(i7j) s Lji =0

since Q%™ > 0 implies L;; > 0. m
Thus, if we can verify that L;; is zero, we do not have to compute it. Of course, we do
not want to have to verify that L;; is zero by computing it and comparing it to zero. Instead,

we can make use of a corollary to Theorem 4:
Corollary 5. If F(i,j) separates i < j in G then L;; = 0.

This follows from the fact that the global Markov property guarantees that if F(i,7)
separates ¢ < j in G then x; L xj|rp( ;). Thus, by Theorem 4, L;; = 0.

As an example, we can consider the following graph.

Figure 5.1: Nodes 1 and 4 are conditionally independent given nodes 2 and 3, and nodes 2
and 3 are conditionally independent given nodes 1 and 4.

The precision matrix for this graph could be represented as follows, where x’s denote

non-zero terms and blanks denote terms that may possibly be zeros given the structure of

the graph:
X X X
X X X
Q=
X X X
X X X
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We cannot say that Lss is definitely zero, because F(2,3) = {4}, which is not a separating
subset for 2 and 3 (in words, the future of 2 except 3 is just 4). We can, however, say that
Ly is definitely zero, since F'(1,4) = {2,3}, which separates 1 and 4. Thus, we can fill in

the following array for L, where the possibly non-zero terms are denoted by “7?”:

X
X X
L =
X 7 X

L will always be more or equally dense than the lower triangular part of (). If we denote
the number of possible non-zero elements in L by n; and the number of possible non-zero
elements in ) by ng then we are concerned with the fill-in n;, — ng. We obviously want to

make this as small as possible to make calculations as fast as possible.

5.1.1 Minimizing the Fill-in

As it turns out, the fill-in depends on the ordering of the nodes. As a motivating

example, consider the two graphs below.

Figure 5.2: Left: graph (a). Right: graph (b).
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In the case of graph (a), the precision matrix and its Cholesky triangle are:

X X X X
X X
X X
X X
X
X X

L =
X 7 %

X X
Q X X
- X X
X X X X
X
X
L =

X X X X

In other words, in (a) the fill-in is maximal and in (b) the fill-in is minimal. The
reason is that in (a) all nodes depend on node 1, hence the future of i except j is never
a separating subset for i < j. In (b), by contrast, conditioning on node 4 makes all other

nodes conditionally independent.
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In general, then, a good strategy to minimize fill-in is to first select a set of nodes which,
if removed, would divide the graph into two disconnected subgraphs of roughly the same
size. Then order the nodes in that set after ordering all the nodes in both subgraphs. Then
repeat this procedure recursively to the nodes in each subgraph. In numerical and computer
science literature this is called nested dissection.

When @ is a band matrix we can instead try to reduce the bandwidth. A theorem states
that if () > 0 is a band matrix with bandwidth p and dimension n, the Cholesky triangle of
@ has (lower) bandwidth pE] The trick with spatial data is then to try to make () a band
matrix with as small a bandwidth as possible, and again this is accomplished by re-ordering

the nodes.

5.2 Timing Studies

Some studies have quantified the reduction of time required to estimate a GMREF as
opposed to a geostatistical model. Using MCMC methods, an n, x n, lattice (with n, < n.)
can be simulated using O(n3n,) flops, and repeated i.i.d. samples only require O(n?n,) flops
(Rue and Tjelmeland, 2002). In contrast, general Gaussian fields typically require O(nn?)
flops to simulate. To calculate the likelihood of a GMRF and a general Gaussian field we
also need O(n3n,) and O(n3n?) flops, respectively (Rue and Tjelmeland, 2002).

More recently, Rue and Martino (2007) and Rue, Martino and Chopin (2009) have
discussed an approach they call integrated nested Laplace approximations (INLAs). This
approach appears to outperform MCMC methods in the time required to execute them by
several orders of magnitude; simulation only takes seconds to minutes rather than hours
to days. The method’s primary disadvantage is that its computational cost does increase

exponentially with the number of hyperparameters. Yet as Rue, Martino and Chopin

conclude, this method may frequently be useful for taking a first pass at one’s data, even

LA direct proof is in Golub and van Loan (1996).
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where one expects the model one is applying to not be a great fit, because at a few seconds
or a few minutes, it is practically cost-less. We will look at this method in greater detail

after first discussing how GMRF's have traditionally been fit to GGMs.
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Chapter 6

The Approximation of GGMs using
GMRFs: Traditional Minimizations of

Distance

There have been many attempts to use GMRFs to approximate GGMs, given the
computational efficiency of GMRFs. The process has traditionally been as follows. First, if
necessary, geostatistical data is aggregated up to lattices. Then a GMRF is used to model the
aggregated data, with its parameters selected to minimize a distance measure between the
GMRF and a particular GGM that has previously been fit to the data. The computations of
the distance measures use a fast Fourier transformation, as we will see. To properly discuss
this process, we thus need to do two things: 1) detail the distance measures used in the
literature; and 2) explain how these distance measures are computed and minimized. In this
chapter, we will do these two things and then discuss the benefits and limitations of this line

of research.

46



6.1 Distance Measures

Three main pseudo-distances between Gaussian fields have been proposed: the
Kullback-Leibler divergence criterion (which I will abbreviate to KL), Rue and
Tjelmeland’s (2002) matched-correlation (MC) criterion, and Cressie and Verzelen’s (2008)
conditional-mean least-squares (CMLS) criterion.

The Kullback-Leibler divergence is defined as:

K(.0) = [ rieyos (%) du(z)

where f and ¢ are densities and p is a common measure. This pseudo-distance is historically
related to Shannon’s measure of entropy, but can be applied to fit the parameters of a GMRF

to a Gaussian field by making the following adjustments:

f(=@)
KL(7.9:0) = [ Fletos (— dr
9(x;0)
where f and g are densities of the true and approximated models, respectively, and 0 are the
parameters of the model. K L is not technically a distance since it is not symmetric and does
not satisfy the triangle inequality. If f and g are the joint densities of zero-mean Gaussian
fields with covariance matrices >y and Yo, respectively, then

KL(X,, %) = %(log (—2|) +tr(31 251 —n)

where |X| is the determinant of 3. While this distance measure does somewhat capture the
differences between the fields, it is hard to minimize. While minimizing a distance measure to
find a GMRF that approximates a Gaussian field is computationally intensive and destroys
the computational advantages of using GMRFSs, this approach is used to show the extent to
which GMRFs can approximate Gaussian fields. Dempster (1972), Besag and Kooperberg

(1995), and Rue and Tjelmeland (2002) tried algorithms to minimize this pseudo-distance,
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which will be returned to in the next section. Dempster’s can fail to converge; Rue and
Tjelmeland’s cannot be applied in the case of an irregular lattice.
The next possible measure that we will consider is Rue and Tjelmeland’s

matched-correlation criterion. They define

Ny Ne

MC(Q) = lo =115 =YD (o — riy)*wy
i=1 j=1

where () is the precision matrix, w;; are non-negative weights assigned by the user, and p
and p’ are correlation functions. In particular, they recommend, for isotropy:

1+7r if 5 = 00;

Wi X

(14 r/d(ij,00))/d(ij,00) otherwise
where 7 is the range of the neighbourhood and d(ij,00) is the Euclidean toroidal distance
between (i,7) and (0,0). The computational costs of minimizing this function are also very
high.

Cressie and Verzelen (2008) instead suggest the following criterion:

n

CMLS(Q) = (Z m> E (Z m(& — EQ(XZ»IX_i)h)

i=1 =1

where X = (Xj,...,X,) is a zero-mean Gaussian random vector. The weights, inversely
proportional to the conditional variance, are “Gauss-Markov” type weights used in GLS.
The intuition provided by the authors for using this measure is that they are interested in
obtaining the best prediction of an individual component based on the other components,
with weights used to scale the components so that their variability is comparable.
Unfortunately, this criterion is still computationally intensive since it uses essentially
the same steps as the other two criteria, as we will see. Variants are slightly better, but this

measure’s main advantage remains that it can easily handle GMRFs on irregular lattices
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and is good at predicting unknown values given neighbouring observations (Cressie and
Verzelen, 2008). In practice, the minimization of different pseudo-distances typically yields

similar results (Song, Fuentes and Ghosh, 2008).

6.2 Minimizing the Distance Measures

The distance measures need to be minimized to obtain the best-fitting GMRF, but how
exactly is this accomplished?

Let us start with the case of minimizing the Kullback-Leibler discrepancy since that is
still the most frequently used distance measure and all the other minimizations of distances
use very similar methods. In the simplest case, let f be a zero mean stationary GGM on a
n, X n. torus with covariance function ~(k,[) and covariance matrix > and let g be a zero
mean stationary GMRF on the same torus with precision matrix ) parameterized with Q.EI
Then, as shown in Rue and Tjelmeland (2002),

Nyr—1ne—1

L(F.9) = —5 D0 3 (0a(hya(6) ~ Ayas(6) + 1)

i=0 j=0
where

Nyp—1ne—1

Nj= > > y(k, Dexp(—2mu(ki/n, + 1j/n.))

k=0 [=0

G;(0) = > > Qoow(0)exp(—2mu(ki/n, + 1j/n.))

(k,l)Edoo U{00}

'GMRFs on a torus are much faster to estimate and thus are frequently used despite the strong
assumptions required; indeed, Rue and Held describe how one might approximate a GMRF that is not
on a torus with a toroidal GMRF just in order to make calculations faster (2005). But if one does not want
to use a GMRF on a torus, one could instead simulate a GMRF that is not on a torus by an alternative
algorithm in Rue (2001) which costs O(nn.) flops or O(n2n.) flops for repeated i.i.d. samples. We already
discussed a basic version of this algorithm in the chapter on simulations.
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and where §;; is the neighbourhood of (i, j) and ¢ = \/—1.

The KL discrepancy can hence be represented in terms of the eigenvalues of the
covariance and precision matrices of the GGM and GMRF. The eigenvalues themselves are
the two-dimensional discrete Fourier transform of the first row of ¥ and (). Thus, one
can use a fast two-dimensional discrete Fourier transform algorithm to evaluate K'L(f,g) in
O(n,nlog(n,n.)) flops or faster. After one has the eigenvalues one can numerically solve the

minimization problem to obtain the parameter, 0, that provides the best fit:

Nner—1ne—1

Oxcr, = argming » Y [Nija;;(0) — log(gi;(9))], 4i5(0) > 0,Vi,j

i=0 j=0

There is a constraint on this minimization that all eigenvalues be positive, since that
gives us a positive definite matrix. Rue and Tjelmeland (2002) suggest proceding as though
it were an unconstrained minimization problem with a penalty if some of the eigenvalues are
negative, a technique they find works well.

Let us look closer at the fitting procedure based on KL discrepancy. Let our GMRF
be parameterized with (2m + 1)? free parameters indexed 0y(k, 1) € 9o U {00}. The (K, 1)

component of the gradient of K L(f, g), evaluated at the optimal fit, is then

Np—1ne—1 a
i i (0 2.1
> Y00 ey (0 =0 021
i=0 j
where
0

——qij(0k1) = exp(=2mu(K'i/n, +U'j/n.))
aek/l/

(6.2.1) is the inverse discrete Fourier transform of {\;;} and {1/g;;0x.} at (k',!'). Then

’y(k)l, l/) = ’}/KL(]{?,, l,), (k’,, l,) < (50() U {00}
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since {1/q;;0x1} are the eigenvalues of the inverse precision matrix Q~'. Essentially, all
covariances within dgo U {00} are fitted exactly, while those outside are determined by the
inversion of the fitted precision matrix. This is also true for other maximum-likelihood
estimators of the precision matrix (Dempster, 1972). This is important to note because this
means that GMRFs could provide very bad fits for lags outside of the neighbourhoods
specified.  Getting the neighbourhoods right is thus important in using GMRFs to
approximate GGMs with the KL discrepancy as a distance measure.

This difficulty motivates Rue and Tjelmeland’s definition of another possible distance

function, their matched-correlation function, previously defined as

@ = o — B =3S ps — ply) e

=1 j5=1

where () is the precision matrix, w;; are non-negative weights assigned by the user, and p
and p’ are correlation functions. The idea is, in contrast to the KL discrepancy, to take lags
outside of the neighbourhood into account.

The correlation function p’ of the GMRF can then be calculated from the covariance

function 7/ which is the inverse discrete two-dimensional Fourier transform of {1/¢;;(0)}

nr—1ne—1

, 2 ki/n, +1 c
nrnc Zz:: z:: exp 7”( Z/n - ]/n ))

This allows their distance measure to be calculated using O(n,n.log(n,n.)) flops. The
distance measure is minimized with respect to € for fixed 6y = 1 and then the solution is
scaled to fit the variance, since the variance of a GMRF can always be fit exactly by scaling
its precision matrix. The minimization itself is done in the same manner as for the KL
discrepancy, again adding a penalty to a prospective @ if it has any non-positive eigenvalues.
Rue and Tjelmeland’s distance measure includes the KL discrepancy as a special case where

w is chosen to be positive for (k,[) € dyp and zero otherwise.
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Finally, regarding Cressie and Verzelen’s proposed distance measure

n n

CMLS(Q) = (Z m> E <Z m()ﬁ‘ - EQ(Xi|Jf—i))2> ;

i=1 i=1

given that Var(X;|z_y) = (Q[¢,i])~" one could re-write their criterion as

tr(Dgy'QT'Q)

CMLS(Q) = —2 ©

where Dél is the diagonal matrix whose diagonal is the same as that of Q). ¥’ and @ (the
covariance matrix of the GGM and the precision matrix of the GMRF, respectively) are both
defined on the same torus and are Toeplitz circulant matrices that are diagonalizable using

the same basis. The criterion could then just as well be written

Np—1ne—1

CMLS(Q) = n,n, Z Z 1 (Q)*N;;

i=0 j=0
where )\;; are the eigenvalues of ¥ and are given by

Ny—1ne—1

Aij = Z Z (00, kllexp(—2me(ki/n, + 1j/n.))

i=0 j=0
and ¢;; are the eigenvalues of ) and are given by

Nyr—1ne—1

g = > Q[00, kllexp(—2mu(ki/n, + 1j/n))

i=0 j=0

Since the criterion has again been reduced to finding these eigenvalues, one can again use
the fast Fourier transform algorithm of Rue and Tjelmeland (2002) as before to evaluate
CMLS(Q) with O(n,n.log(n,n.)) flops.

The advantages of using the CMLS criterion over the KL or MC criteria come when one

has an irregular lattice or wants to predict missing values such as in kriging. This can be
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explained by considering the evaluation function

1(Q) = E(E(Xo|z_o) — Eq(Xo|z_0))*/var(Xo|z_o)

where “0” represents the location (0,0), Eq(Xilr—) = >, —Qli,jl(Q[i,i]) 'x; (from
the CAR literature (Besag, 1974)) and E(-) and var(-) are moments under the particular
Gaussian field being fit. This evaluation function provides a measure of how well a GMRF
predicts the value at a node from its neighbours. Cressie and Verzelen note this is in fact
what we want to do if we want to approximate a Gaussian field in a Gibbs sampler, and that
kriging also uses the conditional expectation in making its predictions. It is because the
CMLS criterion is so closely related to the evaluation function that it obviously performs

well under it relative to the KL or MC criterion when predicting missing values.

6.3 Estimations of Different GGMs

Again, since all the distance measures have been evaluated using roughly the same
algorithm, they all take a similar amount of time.

As for the closeness of the fit on different kinds of GGMs, Rue and Tjelmeland (2002) had
great success in fitting the exponential and Matérn correlation functions for neighbourhood
structures larger than 3 x 3, with maximal absolute differences in values of frequently less
than 1% using the MC criterion (they do not report similar results for the other criteria).
Gaussian and spherical functions were more difficult to fit but provided reasonably accurate
fits once the neighbourhoods were larger than 5 x 5 (with maximal absolute differences below
about 5%). While the accuracy of the fits increased as the neighbourhoods increased, the
computational costs rose in tandem as the neighbourhoods grew. Song, Fuentes and Ghosh
(2008) report this as well and also find that their fits become better as the range increases

and the conditional variance decreases. While each type of distance measure has been shown
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to work better than the others for some kinds of problems, in practice their minimizations
tend to yield similar results (Song, Fuentes and Ghosh, 2008).

It is easy to imagine that in the future more distance measures could be proposed that
would also perform slightly better under special circumstances. However, for improvements
in time costs, a new algorithm to compute these distances would have to be found. It is also
not clear that the focus of the literature has been particularly useful, since to take advantage
of GMRFs’ computational efficiency one should want to apply them to the data directly and
not to GGMs that were themselves fit to the data. It is true that if one had a set of known
correspondences between certain GGMs and GMRF's one could find the best-fitting GMRF
satisfying certain conditions and then read off the corresponding GGM, but the literature
has mostly steered clear of looking for systematic relationships between GGMs and GMRFs.
The main work that attempts to examine the relationships between different covariance
functions and GMRFs in a systematic way is Hrafnkelsson and Cressie (2003), who restrict
their attention to the Matérn class of covariance functions because of its popularity as well
as the interpretability of its parameters.

Recall that the Matérn class of covariance functions is specified by two parameters - a
scale parameter (a > 0) that controls the range of correlation and a smoothness parameter
(v > 0) that controls the smoothness of the random field. For stationary and isotropic

processes, which are the only kinds considered, their correlation functions are of the form:

0 (B 1 () 1

~ ouip a

where h is lag distance and K, is the modified Bessel function of order v (Hrafnkelsson and

Cressie, 2003). If S is a vector of random variables at various locations and
E(S(@)|{s(z;) : 5 # 1)) = wi+ ) cy{s(a;) = uy},
j=1
var (S(xi)|{s(x;) - j #i}) = 77,
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and S(x;)|{s(z;) : j # i} is Gaussian, then the joint distribution of S is N(u, (I — ¢C)~'T)
where C'is a n X n matrix whose (7, j)th element is ¢;; and T is an n X n matrix with 77 — 72
on the diagonal. To specify a GMRF we would need to estimate the spatial dependence
parameter ¢; we would also need to decide when the spatial dependence has decreased to
0, a point which Hrafnkelsson and Cressie (2003) call 7,,4,. Then C depends on 7,,4,.
Hrafnkelsson and Cressie investigate a particular class of C’s only and, holding everything

else fixed, vary 7,4, and ¢. For each pair (.., ¢) they estimate the Matérn covariance

parameters a and v with non-linear least squares, minimizing;:

L 32,3 lloglai;] — log{hi(Tmazi, ¢5)}]* where a is our first parameter (the range
parameter) and hy(-) is a potential parameterized function (taking the logs so that

the model fits for both small and large a).

2. >, Zj{yij — ho(Tmazi, #;)}* where v is our second parameter (the smoothness

parameter) and hy(-) is a potential parameterized function.

In particular, they specify the following functional forms for h(-) and ha(+):

hi(Pmas, @) = exp 7,6A1(rmaz,1)¢_f 1
max) i (1 — ¢)?

o 2
h2(rma$7¢) - (¢ +'72(rmaa7)>\2)ﬁz

where a3 > 0,81 > 0,7 > 0,A > 0,0, > 0,72 > 0,7% > 0 and Ay > 0 are estimated

parameters. These functional forms are not justified beyond noting that they seem to fit a
surface plot between (a,v) and 7., and ¢ relatively well.

While this approach is a little ad hoc, their estimated parameters do seem to fit previous
studies. Griffith and Csillag (1993) and Griffith, Layne, and Doyle (1996), in particular,
found that certain GMRFs closely approximated certain Matérn GGMs, and Hrafnkelsson

and Cressie’s estimates do obtain similar results (2003).
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Chapter 7

The Approximation of GGMs Using
GMRFs: A SPDE and INLAs

7.1 A Different Approach: Approximations Using a
SPDE

The latest development in using GMRFs to approximate GGMs comes at the problem
from an entirely different angle. Rather than mechanically finding parameterizations that
map GMRFs to GGMs as Hrafnkelsson and Cressie did for the Matérn class of GGMs (2003),
Lindgren, Lindstrém and Rue find that an approximate solution to a particular stochastic
partial differential equation (SPDE) can explicitly link GMRFs and GGMs for a restricted
class of GGMs (a subset of the Matérn class) (2010).

It has long been known that the solution z(u) of the linear fractional stochastic partial

differential equation

d
(K2 — A)*2(u) :W(u),uERd,azu+§,/€> 0,v>0
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. . . . . . . . d 2 .
(where W is spatial Gaussian white noise with unit variance, A = Y7 (%3, and & is
2

the scaling parameter from the Matérn covariance function between locations u and v,

L) .
F(V+%)(47r) 2 g2V

#;A(RHU — ul|)"K,(k||v — u||) where ¢? is the marginal variance ) is a
Gaussian field with Matérn covariance function (Whittle, 1954, 1963).

I will state Lindgren, Lindstrom and Rue’s main results without proof. Proofs can be
found in the long appendices of their 2010 paper. To first give a quick overview, their main
result is that the linear fractional SPDE given earlier can be represented as a GMRF on
a regular or irregular 2D lattice. Their explicit mapping between a GGM and its GMRF
representation costs only O(n), involving no computing.

In particular, they use the stochastic weak solution of the SPDE which requires that
{{pj, (k2 = A)22),j =1,...,n} = {{(¢;,€),j = 1,...,n} for every finite set of test functions
{¢;(u),7 = 1,..,n}. The finite element representation of the solution to the SPDE is
z(u) = > 7, Ye(u)wy for some basis functions ¢, and Gaussian weights wy (Kleoden and
Platen, 1999; Kotelenez, 2007).

If C,G and K are n x n matrices such that C;; = (¥, ¢;), G =

(Vh;, Vb;), and Ky;(k*) = k*Cyj + G5 then their approximations for Q,(k?) are as follows:

and for a = 3,4, ...

Qu(r?) = K(*)C7'QaaCT K (k%)

These expressions make the approximations immediate; Lindgren, Lindstréom and Rue also
provide analytic formulas for C' and G in an appendix.

Their results only hold for certain values of the smoothness parameter v in the Matérn

[N [eN]

covariance function, however: v = %, ,g,..., in R! and v = 0,1,2,..., in R%. «a must
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also be a strictly positive integer. Further, it should be emphasized that their method of
representing certain GGMs using GMRF's is only an approximation. That being said, it
is fast: Lindgren, Lindstrom and Rue tested it on Kneib and Fahrmeir’s dataset (2007),
which Kneib and Fahrmeir had not been able to model using a dense covariance matrix,
and found it took seconds to complete a Bayesian analysis of it (2010). This dataset had a

5258 X 5258 precision matrix.

7.2 Integrated Nested Laplace Approximations

This leads to the other recent innovation; Rue, Martino and Chopin’s championing
of using integrated nested Laplace approximations (INLAs) rather than MCMC methods
(2009). It is INLAs that Lindgren, Lindstrém and Rue use on Kneib and Fahrmeir’s
dataset. While this is a different kind of innovation, it has important ramifications for
GMRF estimation and should be discussed.

For what follows, let = be the vector of all the latent Gaussian variables, 6 the vector of
hyperparameters, y observational variables, and 7(+|-) a conditional density. The idea behind

INLAs is that, being interested in the posterior marginals

m(xily) = /ﬂ(inG,y)ﬂ(Gly)dH
w(0)ly) = [ w(6ly)ap

we can approximate them in this form:

m(0;ly) = | ®(0]y)db-;

T(xi|y) = /fr 160, y)7(0]y)do
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m(x;|y) is approximated by approximating both m(f|y) and 7(x;|f,y) and integrating out
6 through numerical integration. 7(6;|y) is approximated by similarly integrating out 6_;
from the approximation of 7(6|y). I will walk through Rue, Martino and Chopin’s methods

for approximating 7(f|y) and 7(x;|0,y) in turn.

7.2.1 Approximating 7(0|y)

1. Optimize log{7(f]y)} with respect to € to obtain the mode of {7(f|y)} (in particular,
they recommend using a quasi-Newton-Raphson method to approximate the second
derivative of log{7(f|y)} by taking the difference between successive gradient vectors,
the gradient in turn being approximated by using finite differences). Call this mode

0.

2. At 6*, compute the negative Hessian matrix, H, using finite differences. Define ¥ =
H~L. If the density were Gaussian, this would be the covariance matrix for 6. Let ¥ =
VAVT be the eigendecomposition of ¥ and define # to be a function of a standardized
variable z: 0(z) = 0* + VAzz. If #(fy) is Gaussian then z ~ N(0,1). The point of

this reparameterization is to make later numerical integration easier.

3. Now some points are selected to be used in the numerical integration. A space
is searched with points being added to the collection if log{7(f|y)} is considered
significant, in the following sense. Starting from the mode (z = 0), one travels in the
positive direction of z; with step length 0, as long as log[7{6(0)|y}]-log[7{0(2)|y}] < I5.
After travelling as far as possible in one direction along z; and accumulating points
along this route, one switches direction and goes the opposite direction along z; as
long as the condition holds. Then the process is repeated along z;. These points will
turn out to be on a regular grid, so that area weights A, will later be able to be taken

to be equal.
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4. We would like to use numerical integration on 7(f|y) but this is computationally
demanding since it would entail evaluating 7(f|y) at a large number of points. Instead,
the authors suggest computing 7(6|y) at only the points that were selected in the
previous step. They remark that for higher accuracy one should use more points and
select §, accordingly. Rue and Martino (2007) provide some empirical guidance as to

how the relative size of J, might affect results.

7.2.2 Approximating 7(z;|0,y)

To approximate 7(x;|6,y), Rue, Martino and Chopin suggest a few different methods. A
Gaussian approximation would be simplest; a Laplace approximation would be most accurate
but would require too many computations; their preferred method is a simplified Laplace

approximation. Here I will detail each in turn.

1. A Gaussian approximation 7g(z;]0,y) would be the simplest solution to implement
and also computationally the fastest. They note that 7o (|0, y) was already calculated
during the approximating of 7(6|y), so all that would need to be additionally calculated
are the marginal variances, which could be derived by using the following recursion:

2
5

Xij = I,

— LL“ZZZHI Lii¥k;,j > 4,4 = n,..,1 where L;; are from the Cholesky
decomposition of @ = LL" and §;; = 1 if i = j and 0 otherwise. In fact, we only would

need to calculate 3;; for the (¢, j)s for wihch we did not know L;; was 0.

2. The Laplace approximation is given by:

7(z,0,y)
ﬁGG(x—i|$i7 Q? y) x_j=x* (x;,0)

i

Tra(xi|0,y) o

where 7ge is the Gaussian approximation to x_;|x;,0,y and x*,(x;,0) is the modal
configuration. The difficulty with this approximation is that it would require 74 to be
computed for every value of x; and . One modification would be to approximate g

by approximating the modal configuration as follows: z* (z;,0) = Ex. (v_;|z;). Then
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the RHS could be evaluated using the conditional density derived from the Gaussian
approximation 7g(x;]0,y). A second possibility would be to instead approximate 7y 4
by

Tra(xi|0,y) oc N{xs; 1:(0), 02 (0) yexp{cubic spline(z;)}

The cubic spline is done on the difference of the log-density of 7p4(x;]0,y) and
7a(z;]0,y) at the selected points and the density is normalized using quadrature
integration. The authors prefer to correct for location and skewness in the Gaussian

approximation (7g(z;|0,y)), however, by following the method below.

3. Rue, Martino and Chopin’s preferred approximation of 7(x;|0,y) involves obtaining a
simplified Laplace approximation g4 (z;|0,y) by expanding 77 4(x;|0,y) around z; =

1;(0). They use

i m(x, 0,
Tra(xil0,y) o< = ( )
7erg<.’L'_i‘:Ui> 973/) r_j=x* (x;,0)

i

and z*,(z;,0) = Er.(v_;|x;) and after some calculations obtain an estimate

1 S S 1 S
log{7sra(z;|0,y)} = constant — 5(%2 N2 4 AW 0)2 + 6(3:( N3y + .. (7.2.1)

)

where

3000) = 5 30 2OH(1 = correg (s, 2, 1 {1 (0), 030, (0)as (0)

jeh

v 20) =" dP{ui(0), 03 {o;(0)ay (0)}

jeh

Exg—uj (6)
a;(6)

, for some a;; derived from
zj=Ex g (zjli)

aij(Q)%@@, an equation which is in turn implied by the conditional expectation

x*,(x;,0) = Er, (x_z|x2)E|

and d§3) (2;,0) = %ZOQ{W(%M]—, 0)}

1(7.2.1) does not define a density since the third order term is unbounded. Rue, Martino and Chopin

)

deal with this by fitting a skew normal density so that the third derivative at the mode is %'(3 , the mean is
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To compute this approximation one needs to calculate a;. for each i; most of the other
terms do not depend on ¢ and hence are only computed once. The cost of computing
log{7sra(z{|0,y)} for a particular i is of the same order as the number of non-zero
elements of the Cholesky triangle, or O(n log(n)). For each value of 6, repeating this
process n times gives a total cost of O(n? log(n)), which they “believe” is close to the
lower limit for any algorithm that approximates all n marginals. Each site must also
be visited for each i since the graph of x is general, an operation which by itself costs
O(n?). Thus, the total cost of computing all n marginals 7(z;|y) is exponential in the

dimension of § times O{n? log(n)}.

7.2.3 Summary

Rue, Martino and Chopin’s method garnered much interest, as a new and fast method,
but questions remain.

In particular, since it is such a new method, there are as yet relatively few results using
it and it is not clear how accurate the approximations would be with different datasets. The
asymptotics of the approximation error have not been fully explored, although Rue, Martino
and Chopin claim that it produces “practically exact” results and that non-negligible bias
occurs only in “pathological” cases (2009). The other main problem with their technique
is simply in ease of use; many commenters seem to fear that the method would only be
useful when used with a packaged “black box” program since it would take a lot of time to
implement for the first time (the authors do have R code available for a limited selection
of applications). Further, while the method has very low computational costs in many
situations, it is not a cure-all; in particular, its computational cost is exponential in the
number of hyperparameters and thus it may not be appropriate for situations in which the

number of hyperparameters is large.

751)7 and the variance is 1. They defend this choice in an appendix. There are also special cases for which

they fit a spline-corrected Gaussian instead of a skewed normal distribution, but this is peripheral.
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All that being said, whereas the traditional literature which focused more on defining new
distance measures seemed to be stagnating in its reliance on the same general algorithm,
these recent innovations are substantially different from what came before and have great
promise to spur new work. Many of the current difficulties remaining may resolve themselves

in time.
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Chapter 8

Conclusion

There are clearly many ways of modelling spatial correlation. This thesis discussed some
of the main methods used, focusing on Gaussian Markov Random Fields.

We saw that GMRFs can be motivated as being useful when we have observations that
are far enough apart that we can call them conditionally independent given the intermediary
observations. Our data should also be at an appropriate scale to capture the interactions
between nodes that are modelled, and sites should neighbour each other as much as possible,
with few borders with the outside world. We noted that much data modelled with GMRFs
is actually not entirely appropriately modelled by GMRFs. For example, satellite data that
appears as a lattice may hide some interactions between plots due to the aggregation of
finer-grained data into a single value for each plot. While relationships between the plots
could still be estimated, they might not be capturing the true underlying relationships.

We also discussed the benefits and drawbacks of CARs and SARs. Noting the importance
of intrinsic GMRFs in specifying priors, we then discussed in detail how we might specify the
precision matrices for a few important classes of models. We explored how and why GMRF's
can be made to be so computationally efficient. Finally, we surveyed the literature on using
GMRF's as computationally efficient proxies for GGMs. Much of this literature focused on

minimizing a distance measure between a particular GMRF and GGM; we also discussed an
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attempt to empirically estimate a more systematic relationship between the two. Finally,
we turned to the most recent literature, which finds that a small subset of GGMs can be
explicitly linked to GMRFs through a SPDE, though this is only through an approximation,
and which pioneers a new method for fitting models, also based on approximations which
have as yet little explored errors.

In summary, we have repeatedly seen that GMRFs are only truly appropriate in a very
limited number of cases. However, for those cases for which GMRFs are appropriate,
they are extremely computationally efficient. Also, GMRFs show promise in being able

to approximate GGMs, but there is still much room for improvement.
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